In this paper we accomplish three goals. First, we present new nonperturbative results of complex quasi-energies (shifts and widths) for several low-lying excited states of atomic H in strong fields, using the L 2 non-Hermitian Floquet matrix technique. Second, we present a new nonperturbative L 2 technique for the treatment of ac Stark shifts of arbitrary excited states. We found that all the Rydberg states in weak fields are upshifted and closely follow the quadratic field dependence described by the ponderomotive potential e 2 F 2 /4mW 2 . Large deviation from the ponderomotive shift and intricate level-shift behaviors, however, occur in strong fields. Finally, we present a classical nonperturbative treatment of the electronic motion in intense laser fields. We show that the spectral analysis of classical trajectories can provide detailed insights regarding the mechanisms responsible for the multiple-harmonic generation recently observed in high-intensity experiments.
INTRODUCTION
Recent experiments on multiphoton ionization (MPI) and above-threshold ionization (ATI) of atoms in strong fields show significant energy shifts and broadenings of ATI peaks.1 2 Further, for laser pulse widths of less than 1 psec, the electron energy spectrum can exhibit fine structure in the individual ATI peaks. These observations suggest that the structure of excited states plays a significant role in determining the properties of ATI. This creates the necessity of analyzing the excited-state atomic energy-level structure in the presence of strong fields.
There have been a number of theoretical studies of ac Stark shifts, mostly focused on nonperturbative 3 -5 or highorder perturbative treatments 6 of the ground state of atomic H. Thus our understanding of the properties (including both ac Stark shifts and MPI widths 3 -5 ' 7 ) of the ground state can now be considered rather complete. In contrast, there are only a few perturbative studies on the excited-state properties. 8 ' 9 In this paper we outline a method for nonperturbative treatment of the ac Stark shifts of atomic H for any arbitrary excited states. In addition, we present some new nonperturbative results of the ac Stark shifts and MPI total widths (rates) for several low-lying excited states of atomic H, using the L 2 non-Hermitian Floquet matrix method.10 To gain insights regarding the mechanisms responsible for the high-order harmonic generation recently observed in high-intensity MPI/ATI experiments,1"-' 3 we have also performed a spectral analysis of the classical trajectories for the electron motion under the influence of both the Coulomb and oscillating electric fields. In addition, to confirm recent quantum-mechanical model predictions,14"1 5 we have identified a general type of classical trajectory responsible for the observed behavior of high-order harmonics generated in intense fields.
In Section 2, we review briefly the L 2 non-Hermitian Floquet method and present the nonperturbative results of complex quasi-energies for several low-lying states of atomic H. In Section 3, we outline a method for the nonperturbative treatment of the ac Stark shifts of highly excited states. Finally, the spectral analysis method for classical trajectories is presented in Section 4 along with a discussion of highorder harmonic generation.
INTENSITY-DEPENDENT COMPLEX

QUASI-ENERGIES (SHIFTS AND WIDTHS) OF LOW-LYING EXCITED STATES OF ATOMIC HYDROGEN
The L 2 non-Hermitian Floquet formulation '10 16 has recently been extended to the study of intense-field MPI/ATI from the atomic H ground state. 3 4 In this section we present new results for several low-lying excited states (2s, 2p, 3s, 3p, 3d) of atomic H. The method permits nonperturbative and self-consistent treatment of intense-field effects (in that all atomic levels are simultaneously shifted and broadened by the external fields) and straightforward inclusion of freefree transitions and the effects of coupling among electronic continua.
Corresponding to the periodically time-dependent Hamiltonian
describing the interaction of atomic H with a monochromatic, linearly polarized, coherent field of frequency w and peak field strength F, an equivalent time-independent Hamiltonian ftF(r) may be obtained by an extension of the semiclassical Floquet Hamiltonian method.16-1 8 The structure of AF has been documented elsewhere' 0 and is reproduced in Fig. 1 for convenience of discussion. The Floquet Hamiltonian AF shows a tridiagonal block structure, consisting of the diago- (Xr) , where X is an adjustable parameter and n = 0, 1, 2,.... This yields a Pollaczeck quadrature representation of the bound and continuum contributions to the spectral resolution of the hydrogenic Hamiltonian. In practice, the convergence of MPI calculations may achieve arbitrary precision by systematically increasing the basis size and the number of angular momentum blocks. Table 1 shows the intensity-dependent complex quasienergies (ER, -r/2) of the perturbed low-lying excited states (2s, 2p, 3s, 3p, 3d) of atomic H at X = 530 nm. The ER'S are the ac Stark-shifted energies, whereas r's are the total MPI widths (rates). Up to five Floquet blocks (A, A + 2w, A + 4X) and (25s, 25p, 25d, 25f, 25g) basis functions for each block are used in these calculations to achieve convergence. Strong mixings with some other states have already occurred for each atomic state at the largest Frms listed. Beyond these field intensities, the quasi-energy eigenvector components are spread among many Floquet states, and the identities of atomic states can no longer be discerned. Figure 2 depicts the intensity-dependent ac Stark behavior of these low-lying excited states. We note that all the low-lying states (except 3d) are shifted upward as the field intensity increases. Shifting and splitting of atomic states can be accounted for by perturbation theory for Frms < 5 X 10-4 a.u., as our weakfield results reproduce nearly exactly the perturbative results of Ref. 9 . For Frms > 0-3 a.u., higher-order effects become significant, and nonperturbative treatment, such as the L 2 non-Hermitian Floquet calculations presented here, is required to achieve convergence.
ALTERNATING-CURRENT STARK SHIFTS OF HIGHLY EXCITED STATES IN STRONG FIELDS
The L 2 non-Hermitian Floquet matrix method described in Section 2 can, in principle, be extended to higher excited states, and the detailed calculations are now in progress. However, it becomes impractical to treat highly excited states, as the Laguerre basis set size needed to achieve convergence increases rapidly as n increases. If one is interested primarily in the energy-level shifts only, one does not need to use complex scaling techniques. Thus, we are starting again from the Floquet Hamiltonian RtF, shown in Fig. 1 , except that now it is a Hermitian matrix with only real eigenvalues. If we use the conventional basis expansion method (which usually describes the energy spectrum starting from the ground state), we will have the familiar difficulty-a large number of basis functions are needed to achieve high accuracy, even for intermediate excited states. What we need here is an appropriate L 2 basis set that can provide a compact, yet accurate, description of any arbitrary excited states without the need for a large number of basis functions. It turns out that the well-known Sturmian basis [Snl(r)1, 20 , 21 which provides an L 2 technique for the treatment of both the discrete and continuum properties, is an ideal choice for such a purpose. The gist of using the Sturmian basis is that one can adjust the energy parameters a and E 0 in the (unperturbed) Coulombic Schr6dinger equation (in atomic units)
where a = kn = (-EO)1 /2 n such that Eo/2 is set equal to some arbitrary highly excited state energy -1/2n 2 . The Sturmian functions Sn 0 (r) thus generated will provide a compact basis for the description of both the discrete states (now centered around some particular (highly excited) states n and the continuum. Table 2 shows an example of how this procedure works. Here we have diagonalized the s-states ( = 0) atomic H Hamiltonian
using a 40 Sturmian basis function Sn 0 (r), where n = 15, 16,.. .54 and = 0. We have chosen Eo in such a way that the Rydberg levels of central interest are -25. In fact an energy band of at least 12 excited atomic states (n = 10 to n = 21) are described accurately to 9 decimal places. The positive-energy pseudodiscrete states describe the continuum. The key feature here is that there is no need to start the basis function expansion from n = 1 in describing the excited states. The atomic properties can still be converged by treating accurately the excited levels of principal interest and by including a sufficient number of lower-lying bound and pseudocontinuum states in the basis set. The inclusion and accuracy of lower-lying states far from the excited states of interest are of little concern unless there is an accidental photon resonance. The situation here is similar to the conventional L 2 technique for treating the ground state, where it is known that there is no need to include or treat every excited state correctly provided that the basis set is sufficiently complete. With the appropriately adjusted new Sturmian basis, therefore, we can now construct a more compact and effective Floquet matrix for excited-state problems.
The Sturmian function Sn 0 (r) has the following explicit form:
Snl(r) = Nnlekr(2kr) +lLn+l 2+(2kr), (4) where k (-Eo) 11 2 , and Ln+l2l+l is the Laguerre polynomial. We use the convention 2 0 that the Sturmians are normalized with respect to weight 2/r, namely, (9) in the weaker-field region. This effective potential Vhas its origin in the A 2 term (where A is the vector potential) and can be shown to be equal to the average quiver kinetic energy picked up by an electron of mass m and charge e driven AnTl',n = |Sn(r)Sn(r)dr.
10 1 The results shown in Table 2 are obtained by solving the eigenvalue problem
[H.'',.l(°)-
To perform Floquet matrix calculations, one also needs the dipole coupling matrix elements (Sn'I'(r)IrISI(r)), which can also be easily evaluated analytically. Fig. 4 .) Eighty Sturmian basis functions are used for each angular momentum block in this calculation. The levelshift pattern is similar to that shown in Fig. 4 , except that the critical field strengths F, are now considerably lower. Also, the less-perturbed g-states (the lowest branch for each n) now closely follow the ponderomotive potential (A 2 ) curves (dotted curves). For F > F, a large departure from the A 2 shift occurs for the upper and middle branch states (for each n), and strong inter-n mixings take place. This behavior is expected to prevail for all Rydberg levels. To see the intricate and global level-shift behavior in strong fields, in Fig. 4 we show the even-parity (s, d, g) state quasi-energies for n = 12, 11, 10. (The odd-parity (p and f) states show up in a different quasi-energy regime and are separated for clarity. They are, of course, mixed strongly with the even-parity states in strong fields). For each n, the upper branch has the dominant d characteristic, the middle branch has the dominant s characteristic, while the lower branch has the dominant g characteristic. (The g states are less converged because our basis set includes only I = 0, 1, 2, 3, 4 Sturmian functions.) Above some field strengths, mixings among nearby n = manifolds can take place, and avoided-crossing patterns appear. All quasi-energy levels lose their identities, and no atomic level assignment is possible in these strong regions. In Fig. 4 , the dotted curves again indicate how the atomic energy levels (for each n) would behave if they follow the ponderomotive potential shift. Large deviation from the A 2 curve is clearly evident in the stronger-field regime. (Interestingly, except in the avoided-crossing regions, the s-characteristic dominant states (middle branches) rather closely follow the A 2 curves.) Figure 5 shows the intensity-dependent energy-level shift Recently high-order (up to order 33) harmonic generation has been observed when Xe, Kr, or Ar atoms are irradiated by intense (1013-1014 W/cm 2 ) pulsed laser fields."1-3 Several unexpected features have been revealed. For example, the experiments by Li et al.1 3 show a strong third harmonic followed by a succession of odd harmonics (up to 33rd order in Ar). While the decrement from third to fifth harmonic is steep (about 2 orders of magnitude), the relative intensities of higher harmonics (7th-27th harmonics) are roughly equal in strength and fall off rather slowly. After the 27th harmonic, the intensities drop significantly and show a cutoff at the 33rd harmonic. A continuous background of scattered light runs through all the harmonics.
CLASSICAL TREATMENT OF MULTIPLE-HARMONIC GENERATION ACCOMPANYING
In a previous paper 4 we showed that classical trajectory treatment of the electronic motion in intense laser fields can offer detailed insights regarding the MPI/ATI mechanisms as well as the continuum threshold shift phenomenon. In this section we extend this research and show that a spectral analysis of the classical trajectories can reveal the mechanism responsible for the high-order harmonic generation in a straightforward manner. In addition, our results offer a Chu et al. The classical Hamiltonian function is derived from the quantum-mechanical Hamiltonian given in Eq. (1) . The effect of the manner in which fields are turning on and off is not considered here but will be treated in a subsequent publication. Hamilton's equations of motion for the electron are solved numerically, using the variable-order, variable-step Adams method. 2 3 The initial conditions for the motion of the electron at t = 0 are chosen by standard Monte Carlo methods from the microcanonical distribution with energy E = -0.5 a.u. to simulate the statistical distribution characteristic of the initial physical conditions of the classical H-atom ground state. 4 We consider the power spectrum or spectral density of the .0 dipole moment function z(t), (10) where ( ) indicates an average over an ensemble appropriate to the problem. In practice, a single trajectory is sufficient to illustrate the underlying mechanisms. In the absence of the Coulomb field, the electron (in an oscillating field eF, cos wt) moves uniformly on average, but superimposed on this uniform motion is a sinusoidal oscillation with characteristic velocity given by v = v + (eF/mw)2 sin Lt. (11) In the presence of both the Coulomb and the oscillating electric fields, the electron can gain or lose energy and angular momentum and undergoes MPI/ATI, as we have shown in a previous paper. There are two types of classical trajectory leading to ionization of electrons: (a) direct excitation of the atom from the ground state to the individual continuum by nonreso-40.0 50.0 nant multiphoton absorption and (b) sequential excitation, in which an electron is first multiphoton-excited to a Rydberg orbit and then further excited to the continuum by absorption of additional photon(s).
Figures 6(a), 6(b), and 6(c) show, respectively, a typical (c) direct ionization trajectory r(t), the dipole moment function ez(t) (e = 1), and its corresponding power spectrum I(@). The physical parameters used are F = 0.15 a.u. and X = 530 nm. After oscillating around the nucleus for about 48 optical cycles, the electron is ejected directly to the continuum. The power spectrum shows that a series of equally spaced peaks sit at approximately NWL positions, where N's are integer numbers and WL is the frequency of the laser. The dominant peaks occur at N = 9, N = 11, and N = 15, but most of the peaks are roughly the same order of intensity. 2 4 After the N = 17 peak, the intensity drops significantly. This phenomenon is similar to the high-order harmonic generation observed in strong field MPI/ATI experiments."1-' 3 There is a giant peak in the lower-frequency region, and a trajectory. Parameters as in Fig. 6 . Rev. Lett. 61, 2673 (1988), and references therein.
